Abstract. Let (R, m) be a regular local ring containing a field K. Let I be a Cohen-Macaulay ideal of height g. If char K = p > 0 then by a result of Peskine and Szpiro the local cohomology modules H i I (R) vanish for i > g. This result is not true if char K = 0. However we prove that the Bass numbers of the local cohomology module H g I (R) completely determine whether H i I (R) vanish for i > g.
The result of this paper has been proved more generally for Gorenstein local rings by Hellus and Schenzel
. However our result for regular rings is elementary to prove. In particular we do not use spectral sequences in our proof.
introduction
Let (R, m) be a regular local ring containing a field K. Motivated by a result of Peskine and Szpiro we make the following: 
(ii) For any prime ideal P of R containing I, the Bass number
Here the j th Bass number of an R-module M with respect to a prime ideal P is defined as µ j (P, M ) = dim k(P ) Ext j RP (k(P ), M P ) where k(P ) is the residue field of R P . Our result is essentially only an observation.
1.3.
We need the following remarkable properties of local cohomology modules over regular local rings containing a field (proved by Huneke and Sharp [4] if char K = p > 0 and by Lyubeznik [5] if char K = 0). Let (R, m) be a regular ring containing a field K and I is an ideal in R. Then the local cohomology modules of R with respect to I have the following properties: 
Permanence properties of Peskine-Szpiro ideals
In this section we prove some permanence properties of Peskine-Szpiro ideals. We also show that if dim R − height I ≤ 2 then a Cohen-Macaulay ideal I is a Peskine-Szpiro ideal. (1) Let P be a prime ideal in R containing I. Then I P is a Peskine-Szpiro ideal of
Proof. (1) Note I P is a Cohen-Macaulay ideal of height g in R P . Also note that for i = g we have
(2) Note that J = (I + (x))/(x) is a Cohen-Macaulay ideal of height g in the regular ring R = R/(x). The short exact sequence
We now show that Cohen-Macaulay ideals of small dimensions are PeskineSzpiro. This result is already known, However we give a proof due to lack of a suitable reference. 
Proof of Theorem 1.2
In this section we prove our main result. The following remarks are relevant. (1) Notice for any ideal J of height g we have Ass H g J (R) = {P | P ⊃ J and height P = g}. Also for any such prime ideal P we have µ 0 (P, H g J (R)) = 1. (2) Let I be a Cohen-Macaulay ideal of height g in a regular local ring. Let P be an ideal of height g + r and containing I. We note that dim H 3.2. Let S be a commutative ring and let M and N be S-modules. (We note that S need not be Noetherian. Also M, N need not be finitely generated as Smodules.) Assume there exists x ∈ S such that it is S ⊕ M -regular and xN = 0. Set T = S/(x). Then Hom S (N, M ) = 0 and for i ≥ 1 we have
We now give:
Proof of Theorem 1.2. We first prove (i) =⇒ (ii). So I is a Peskine-Szpiro ideal. We prove our result by induction on d − g. (R)) = 0. Choose x ∈ m \ m 2 which is R/I-regular. Set R = R/(x), n = m/(x) and J = IR = (I + (x))/(x). Then J is n-primary. The exact sequence 0 → R x − → R → R → 0 induces the following exact sequence in cohomology
Here we have used that I is a Peskine-Szpiro ideal and J is n-primary. Thus by 3.2 we have for i ≥ 1,
Thus the result follows in this case. Now consider the case when d − g ≥ 2. Let P be a prime ideal in R containing I of height g + r. We first consider the case when P = m. By 2.1 we get that I P is a Peskine-Szpiro ideal of height g in R P . Also dim R P − g < d − g. So by induction hypothesis we have
We now consider the case when P = m. 
For the latter equality we have used induction hypothesis on the Peskine-Szpiro ideal J (as dim R − height
We now prove (ii) =⇒ (i). By Peskine and Szpiro's result we may assume char K = 0. We prove the result by induction on d − g. If d − g ≤ 2 then the result holds by Proposition 2.2. So we may assume d − g ≥ 3. Let P be a prime ideal in R containing I with P = m. The ideal I P is a Cohen-Macaulay ideal of height g in R P satisfying the condition (ii) on Bass numbers of H g IP (R P ). As dim R P − g < d − g we get by our induction hypothesis that I P is a Peskine-Szpiro ideal in R P . Thus 
